
INGEPET  ‘99 EXPL-3-AE-03 

  

 
MODELING OF CRUDE OIL VISCOSITY: CLASSICAL AND NEURAL REGRESSION TECHNIQUES 

 
Adel M. Elsharakwy∗ and Ridha B. Gharbi 
Department of Petroleum Engineering 
College of Engineering and Petroleum    
P.O. Box 5969, Safat 13060, Kuwait 
 
 
ABSTRACT 
 
Numerous research efforts have been directed towards the development of viscosity models that are 
capable of accurately predicting crude oil viscosity as a function of production data, and/or composition of 
well stream fluids. Most of these efforts were focused on developing viscosity correlation using classical 
regression techniques. Viscosity values of dead and live oils are required for the evaluation of 
hydrocarbon reserves, studying fluid flow through porous media, and the design of production equipment 
and pipeline.  They are also involved in several dimensionless parameters to calculate flow regimes, 
friction factors and pressure gradients in multiphase flow problems.  Generally, oil viscosity is measured 
isothermally at reservoir temperature and different pressures.  However, viscosity data are needed at 
temperatures other than reservoir temperature for the design of production equipment and pipelines, and 
for planning thermal methods of enhanced oil recovery. 

 
Several viscosity models were developed, in this study, using both classical regression techniques (CRT) 
and neural regression techniques (NRT).  This paper compares for the first time models developed using 
these techniques. These models are developed from viscosity data collected from different oil fields. The 
models have also been tested using another collection of viscosity data that was not used before in the 
development phase.  The proposed model uses stock-tank oil API gravity, gas gravity, pressure(s), and 
temperature(s) to predict dead, saturated, and undersaturated oil viscosity.  Comparison of the methods 
showed that, under any conditions, NRT models predict the oil viscosity more accurately than CRT 
models. 
 

INTRODUCTION 

 
Crude oil viscosity is required for many petroleum engineering calculations such as evaluating 
hydrocarbon reserves and planning methods of oil recovery, calculating rate of fluid flow through reservoir 
rock, calculating pressure losses in production system for design of production equipment, and designing 
pipe lines.  Crude oil viscosity is usually measured isothermally at reservoir temperature on bottom hole 
samples or surface recombined samples at various reservoir pressures.  However, viscosity data at 
temperatures other than reservoir temperature and in cases where laboratory data becomes unavailable, 
are estimated from empirical correlations. 
 

Several research have been published concerning the development of empirical correlations capable of 
predicting crude oil viscosity as a function of reservoir temperature, pressure or solution gas oil ratio, and 
or composition.

1-13
  Most of these correlations, empirical models, were developed for a given area or a 

region using limited viscosity data. These correlations have limited accuracy in estimating crude oil 
viscosity when applied to new area or regions.

13,14
 

 

All the published empirical correlations were developed using multiple linear or non-linear regression 
techniques using statistical regression packages such as SAS, SPSS, and Minitab.    Recently, neural 
network models have been used in the petroleum industry to model reservoir fluid properties.15-19  Gharbi 
and Elsharkawy

15,16
presented a neural network model using back propagation to predict bubble point 

pressure and oil formation volume factor for Middle East crude oil systems, and crude oil systems 
collected from all over the world.  Lately, Gharbi17 used a back propagation neural network model to 
estimate the isothermal compressibility coefficient of undersaturated Middle East reservoirs, and 
Elsharkawy18 used radial basis function network to model solution gas-oil ratio, oil formation volume 
factor, oil density, and compressibility.  General regression neural network (GRNN) was also used to 
model the constant volume depletion behavior (CVD) of gas condensate reservoirs.19 Comparison 
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between simulated behavior of the gas condensate reservoir by general regression neural network 
(GRNN) and equation of state showed the advantages of the GRNN. 
 

The objective of this study is to compare artificial neural networks (ANN) with classical regression 
techniques (CRT) in modeling reservoir fluid properties.  Crude oil viscosity is used in this study to show 
the performance of different schemes of neural networks and classical regression techniques. The study 
starts with discussion about development of empirical models using classical regression techniques 
(Minitab) followed by different neural network models. 
 
 
CLASSICAL REGRESSION TECHNIQUES 
 
A literature survey has indicated that empirical models developed by classical regression techniques 
(CRT) to predict crude oil viscosity fall in three different types.  First, dead oil viscosity model is used to 
estimate crude oil viscosity at atmospheric condition (gas-free crude or stock tank) as a function of stock 
tank API gravity and reservoir temperature.  Second, the saturated oil viscosity model uses solution gas 
oil ratio and dead oil viscosity to estimate viscosity of crude oil at pressures below the bubblepoint 
pressure. Third, undersaturated oil viscosity model uses saturated crude oil viscosity and pressure above 
the bubble point to estimate viscosity of undersaturated crudes.  One of the limitations of these models 
which are developed by CRT is that their accuracy in estimating the saturated and undersaturated 
viscosity is highly dependent on estimated dead and saturated oil viscosity, respectively.  In addition, in 
cases where PVT data becomes unavailable, solution gas oil ratio has to be estimated from other 
correlation that may reduce the accuracy of saturated and undersaturated oil viscosity models. 
 

In this study, the above mentioned limitation has been avoided by using pressure which can easily be 
measured in the filed instead of solution gas oil ratio in addition to reservoir temperature,  
stock tank oil API gravity and produced gas gravity as input variable to empirical models. 
 
 
Dead Oil Viscosity 
 
PVT analysis of 59 crude oil samples from different Kuwaiti oil fields is used in this study.  Viscosity data 
of 50 samples are used to develop the proposed classical and neural network models.  The other 9 
samples are used to test the validity, accuracy and performance of the proposed models.   Dead crude oil 
viscosity, µod , is usually expressed as a function of crude oil API gravity and reservoir temperature (T) as: 
 
µod   = f (API, T)         (1) 

 
In this study, several function forms of equation (1) have been tested to model dead oil viscosity using 
classical regression technique.  The following equation was found to best fit the data from the 50 
samples: 
 
Log

10
 µ

od
= 10.7580 - 3.9145 log

10
 API -1.9364 log

10
 Tf     (2) 

 
Saturated Viscosity 

 
The saturated oil viscosity (µob) is predicted, in this study, as a function of dead oil viscosity (µ

od
) and 

reservoir pressure (p) as follows: 
 

µob=  10
0.82604

 p
-0.38678

 µod
0.79903       

(3) 
 
 
Undersaturated Viscosity 
 
The undersaturated oil viscosity (µ

oa
) is modeled using saturated oil viscosity (µ

ob
) and the pressure 

difference (P- Pb) as: 
 
µoa= µob+ a (P-Pb),         (4) 
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where a= -5612 x10-8 + 9481 x10-8 µod -1459 x10-8 µod
2+ 81 x10-8 µod

-3  (5) 
 
 
NEURAL NETWORK TECHNIQUES 
 
Neural networks are computing tools that consist of large number of simple, highly interconnected 
processors called neurons.  A neuron processes an input vector by applying a transfer function to give an 
output, which can serve as input to other neurons.  These neurons may be arranged in multiple layers as 
shown in Figure 1 (i.e. standard connection) or in Figure 2 (Ward nets connection).  The network, shown 
in Figure 1, has an input layer, output layer and one hidden layer.  The standard connection of back-
propagation network is one in which every layer is connected or linked to the immediately previous layer 
(Figure 1).  In Figure 2, the hidden layer network is divided in three different slabs each with different 
activation function.  In this case, the output layer will get different views of the data. 
 
Training a network is an important factor for the success of the neural network.

20
  Several training 

algorithms are available in the literature.  The most common of which is the back propagation training 
algorithm.  For comparison purposes, several training methods were investigated.  These methods 
include: 
1) Back propagation, BP, using standard connection 
2) Back propagation, Ward, using connection of Figure 2 
3) Levenberg-Marquardt back propagation (LM) 
4) General regression neural network (GRNN) 
 
Back Propagation Neural Networks 
 
As stated before, the back propagation algorithm is the most common training algorithm used for system 
learning.  Back-propagation is used so that input connection weights becomes modified based on error 
signal arising from the output layer.  The steps involved in back-propagation is illustrated below: 
 
The first step in performing back-Propagation is to calculate the output of the last layer of the network or 
output layer, n.  In general, the output from neuron j in layer k is calculated by the following: 

∑
−

=
− +=

1

1
)1( )(

kN

i
jkkiijkkjk aFa βω   j = 1, 2, … , Nk and k = 1, 2, … , n  (6) 

       
where  for k = 0 ; No = m and aio = Ii      (7) 
 
The output of the output layer can be obtained by setting k = n in eq. 7.  The sum-squared error, sse, of 
the network is given by 
 

∑ ∑
= =

−=
P

p

N

j
pjnj

n

adsse
1 1

2)(         (8) 

 
where dj and ajn are the desired and actual outputs from neuron j in the output layer n, respectively.  The 
subscript p represents a specific input pattern.  Several methods existed to update the weights and 
biases (e.g. gradient descent momentum and Levenberg-Marquardt optimization).  To update weights 
and biases according to gradient descent momentum and an adaptive learning rate, then the next step is 
to calculate the gradient descent of the output layer.  The gradient descent of layer k is given by 
 

pknp
T

knpknpkn WF )()()()( −−−− ∆= δδ   k = 1, 2, … , n-1    (9) 

 
The superscript T represents the transpose of the matrix.  The neuron gradient matrix for an input pattern 
p is given by 
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and the corresponding weight matrix is given by: 
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Note that the third subscript of all the connection weights, k in eq. 12, is removed to avoid cumbersome 
subscripts.  The values of the gradient descent for the output layer is given by 
 

pnpn
p

n EF )()(∆=δ          (12) 

 
where 
 

T
pnNNnnpn nn

adadadE )](),...,(),[()( 2211 −−−=      (13) 

 
The gradient descents of the hidden layers are calculated one by one going backwards until the input 
layer is reached.  When all the gradient descents for all the layers are calculated, the adjustments for the 
weights are then calculated: 
 

1)()()( −∆+=∆ pijkpikjkpijk waw γδη        (14)  

 
where η is the learning rate and γ is the momentum constant.  The weights can be updated as follows: 
 

pijkpijkpijk www )()()( 1 ∆+= −         (15) 

 
The above procedure is repeated until the sum squared error is within the desired limits.  In order to 
improve the search process, an adaptive learning procedure is used in the following fashion:  If the new 
sse is greater than the previous one by more than ε, then the new weights are rejected and recalculated 
using a new learning rate.  The new learning rate is given by 
 
ηnew   =   ηoηold          (16) 
 
ε and ηo are two values that can be fixed at the beginning of the computations.  Typically, ε is chosen to 

be 5% and ηo is 1/ 2 . 
 
General Regression Neural Network 
 
 General regression neural networks are universal single pass neural implementation of Parzen’s window 
based estimators (Patzen

21
) with one parameter, sometimes two, to adjust which makes training 

relatively, fast.  The theory of such networks can be developed as follows.  Let x be a vector of random 
variables and y be a scalar random variable.  Let X be a particular measured value of x.  In other words,  
X is the finite vector of noisy measurements of x and y represents the associated scalar value.  The 
conditional mean of y given X is given by 

E y X y f X y dy f X y dy[ | ] ( , ) / ( , )=
− ∞

∞

− ∞

∞

∫ ∫                    (17) 

 
where   f(X,y) denotes the joint continuous probability density function (pdf) of a vector random variable X 

and a scalar random variable y.  If f(X,y) is not known, an estimate ∃( , )f X y  must be used.  Parzen
21

 

proposed a class of consistent estimators for  f(X,y).   Using window estimation, ∃( , )f X y  can be written 
as 
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where  x ∈ IR p
 
and  n  is the number of sample observations. Using (19), Eq. (18) becomes 
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Let D X X X Xi

i T i2 = − −( ) ( ) , then the estimate of the expected value ∃y  becomes 
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These density estimators are consistent, i.e. they asymptotically converge to the underlying pdf  f(x,y) at 

all points (x,y) provided that σ = σ(n) is chosen such that lim ( )
n

n
→ ∞

=σ 0  and lim ( )
n

p

n n
→ ∞

= ∞σ .  

Therefore, σ can be visualized as a smoothing parameter.  That is, if σ is made large, the estimated 

density is forced to be smooth and the limit becomes a multivariable Gaussian with covariance σ2 I.   On 
the other hand, a smaller value of σ allows the estimated density to assume non-Gaussian shapes.  In 
such case, wild points may have too great an effect on the estimate.   Thus, given the joint probability 
density function (pdf) of X and y, the conditional pdf can be empirically determined and, hence, the 
expected value can be computed.   Cacoullos

22 
extended Parzen’s method to the multivariable case.  The 

resulting regression procedure is implemented via four layers of parallel neural network architecture, 
Specht

23-24
, where it called General Regression Neural Network.  The GRNN is a three layer neural 

network with one hidden neuron for each training pattern.  The number of neurons in the input layer (first 
slab) is the number of problem inputs and the number of neurons in the output layer (third slab) matches 
the number of outputs.  The number of neurons in the hidden layer is usually the number of training 
patterns.  The choice of higher number of hidden neurons may be advantageous in some problems.  The 
GRNN training is achieved by comparing the input pattern in the n dimensional space of all training 
patterns to determine how far it is from these patterns.  The predicted output is proportional to the 
distance of the given pattern from all training patterns.  The distance metric is the familiar Euclidean 
distance.  Also, the L1 - norms or the city block distance may be used.   Eventhough both norms are 
equivalent, it was found that city block distance may speed training. 
 
In conclusion, GRNN is a memory-bound three layer neural network which provides estimates of its 
variables and converges to the underlying linear or nonlinear regression surface. GRNN is more 
advantageous with sparse and noisy data than backpropagation (Specht and Shapiro

25
 & Marquez

26
) and  

is much faster to train.  Using substantial simulations, Marquez55 has shown that the GRNN sees through 
noise and distortion better than the backpropagation neural network.  Compared with back propagates 
neural networks (BPNN), the BPNN performance can be significantly hindered by the presence of local 
minima and longer training. 
 
 
Neural Network Models 
 
The number of layers and neurons in each of the neural network methods were systematically varied in 
order to obtain the most accurate model for viscosity.  In each of the methods, the input layer uses 
pressure, temperature, stock tank oil API gravity, and produced gas gravity as input data to the model 
and the output layer contains the predicted crude oil viscosity.  The same 50 crude oil samples that were 
used in developing the classical regression model are used to train the neural network models.  The other 
9 samples are also used to test these models. 
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For the BP (standard connection) network, four layers are used: an input layer, two hidden layers, and 
one output layer.  The two hidden layers contain 40 neurons each and the logistic activation function is 
used.  Momentum method is used for training with learning rate (momentum rate) equal to 0.1 and initial 
weight of 0.3.  The Ward net BP model uses 15 neurons in each of the three slabs (Figure 2).  The 
network design used a Gaussian function on the middle slab to detect features in the mid-range of the 
data and use Gaussian complement in the other hidden slabs to detect features from the upper and lower 
extremes of the data.  For the Levenberg -Marquardt back propagation network (LM), the model uses four 
layers (one input layer, two output layers, and one output layer).  The first hidden layer contains 10 
neurons and the second one contains 8 neurons.  The proposed GRNN model has three slabs.  The first 
slab contains 4 input neurons: pressure, temperature, crude oil API gravity and produced gas gravity.  
The middle slab has 1250 neurons and the output slab has one neuron, the predicted crude oil viscosity.  
The city block norm is used for convergence and the genetic breeding size of 200 was used. 
 
 
RESULTS AND DISCUSSION 
 
The viscosity models presented in this study (CRT, BP, Ward, LM or GRNN) are functions of easily 
measured field parameters such as crude oil API gravity, produced gas gravity, reservoir temperature, 
and pressure.  Comparison with previously published models by CRT, the models presented in this work 
use reservoir pressure instead of solution gas-oil ratio as input variable.  Thus, it avoids the uncertainty in 
estimating crude oil viscosity resulting from inaccuracy in estimating solution gas-oil ratio as an input 
variable from correlations. 
 
The equations developed in this study for estimating saturated and undersaturated oil viscosity by CRT, 
equations 2 and 3, are strongly dependent on accuracy of estimating dead oil viscosity by equation 1.  
However, the viscosity models developed by neural networks do not depend on estimated value of dead 
oil viscosity. 
 
Training samples 
 
Table (1) describes the data range for the training samples used in this study.  It shows that, 700  
viscosity measurements were selected representing 50 crude oil samples for the training process.  The 
data ranges from heavy crudes (API gravity of 20 degree) to very light crudes (API gravity of 40 degrees).  
These viscosity measurements cover a temperature range of 130 °F to 243 °F and pressure range from 
atmospheric pressure (0 psig) to very high pressure of 9900 psi.   
 
Table (2) shows the average relative error percent (Er), the average absolute error percent (Ea), the 
standard deviation percent (Sd), and the coefficient of correlation (R) for the training samples for each of 
the regression techniques presented in this study.  It's clear from this table, Table 2, that the GRNN has 
the smallest errors and highest correlation of coefficient, Ea of 2.3%, Sd of 13.43%, and R of 97.89%.  
The CRT, however, has the highest errors and lowest coefficient of correlations, Ea of 18.26%, Sd of 
22.59% and R of 93.56%.  This reflects the advantage of using the general regression neural techniques 
over the classical regression techniques in modeling such problem.  Table 2 also shows the strength of 
the GRNN over the other neural network regression techniques. 
 
Figure 3 shows histogram and normal curve of error distribution for classical and various types of neural 
regression techniques.  Two conclusions can  be drawn from this figure. The first is that the CRT has 
wider error range and smaller frequency of zero error than the neural regression techniques. The second 
conclusion is that the GRNN is performing better than the other neural network models.  The GRNN has a 
narrow error range and highest frequency of relative error near zero. 
 
The error distribution for various techniques has been checked against the input variables for training 
samples.  Figure 4 shows error distribution against pressure.  This figure also depicts that the GRNN has 
the smallest scatter of error and that the error is randomly distributed.  Similar plots, not reported here, 
show no correlation between error and API gravity, gas gravity, or reservoir temperature. 
  

Testing samples 

 
Table (3) shows the properties of the samples selected for testing the CRT, BP, Ward, LM, and GRNN 
models.  It is important to note here that the properties of the testing samples fall within the range of the 
training samples shown in Table (1). 
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 Figure 5 shows comparison between measured and predicted viscosity behavior of all testing samples 
for classical and neural regression techniques. No overfitting exist in any case of regression.  The ability 
of the various regression techniques to capture the physical behavior of changes crude oil viscosity as a 
function of pressure has been checked for all testing samples. 
 
Figure 6, a typical example for one of the test samples, demonstrates that all the models capture the 
physical behavior of variation of oil viscosity vs pressure.  This figure also illustrates that GRNN closely 
matches the experimentally measured viscosity better than the other methods.  All model shows a 
decrease of viscosity as a function of pressure below bubble point pressure and increase of viscosity 
above bubble point pressure.  Thus, the models are valid and well behaved. 
 
Table 4 illustrates the error distribution for all method for the testing samples. Again the GRNN technique 
has the smallest error range and the highest coefficient of correlation. The GRNN has Er of  5.90%, Ea of 
18.67% , Sd of 23.45% and R of 96.26%.  These error levels are not high based on two facts.  The first is 
that all viscosity model presented in the literature have been developed using all the available data, i.e. 
no data for testing.  The second is that most previously published crude oil viscosity models that were 
developed by CRT have large average and absolute relative error.  Beal 1 reported  Er of 24.2 %, Beggs 
and Robinson5 reported  Ea of 13.53%, and Kartoatmodjo and Schmidt12 reported Ea of 39.6%.  Sutton 
and Farshad14 studied the accuracy of published viscosity models. He reported an error of 114.3% when 
Beggs and Robinson was tested against 93 cases from the literature.  This large error might be due to the 
limitation of CRT in modeling such a complex behavior of crude oil viscosity. 
 
 
CONCLUSION 
 
A comparison between classical regression and neural regression techniques was presented for the first 
time in this study.  The comparison was achieved using 805 viscosity measurements of crude oil 
samples.  These viscosity data were dived into two sets.  The first set comprising 700 data point, training 
set, that was used in this study to present the proposed models.  The second set containing 105 viscosity 
measurements, testing set, was used to test the accuracy, validity, and physical behavior of the proposed 
models.  These models use easily measured field parameters such as reservoir pressure, temperature, 
oil API gravity and gas gravity to predict crude oil viscosity.  Comparison between classical regression 
and neural regression techniques reveals that models developed by general regression neural networks 
(GRNN) successfully simulate the viscosity behavior of crude oil system better than those developed by 
classical regression techniques. The GRNN presented in this study predicts viscosity data better than any 
other method.  These viscosity models are useful tools to predict crude oil viscosity in case measured 
ones are not available, at temperature other than reservoir temperature for optimum design of production 
system and surface facilities, and planing improved oil recovery methods. 
 

NOMENCLATURE 

Classical Regression Technique 
 
µod = Dead oil viscosity, cp 
µoa = Undersaturated  oil viscosity, cp 
µob = Saturated  oil viscosity, cp 
API = Crude oil API gravity (water = 10 ) 
γg = produced gas gravity, (air = 1.0) 
Tf = Reservoir temperature, °F 
Pb = Bubble point pressure, psi 
P = Reservoir pressure, psi 
Back Propagation Techniques 
ajk = Output of neuron j in layer k 
Fk = Transfer function of the neuron in layer k 
I = Input pattern 
n = Total number of layers 
Nk =  Number of neurons in layer k 
m = Number of components in input pattern 
p = Number of input patterns 
wijk = Weight for input I neuron j, and layer k 
βjk = Bias for neuron j in layer k 
η = Learning rate 
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γ = Momentum rate 
 
General Regression Neural Network 
x =   Vector of random variable 
y =    Scalar random variable 
pdf =    Probability density function 
n =    Number of observations 
 =   Expected value of  y 
σ =   Smoothing factor 
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Table 1. Data range for training samples 

 
No. of viscosity data points = 700 

 
 Gas gravity APT Tem., 

F 
Press., 
psi 

Minimum. 0.807 24.51 130 0 
Average 0.949 31.89 157 2153 
Maximum 1.234 39.81 243 9900 

 
  
Table 2.  Error analysis for classical and neutral regression techniques (training samples) 
 

 CRT Ward LM GRNN BP 
 

Er % 3.36 0.64 2.43 2.30 -1.24 
Ea % 18.26 14.00 12.17 9.39 19.18 
Sd % 22.59 17.89 16.76 13.43 24.03 
R   % 93.56 97.03 98.86 97.89 92.64 

 
 
 
   Table 3. Data range for testing samples 
 

No. of viscosity data points = 105 
 
 Gas gravity APT Tem., 

F 
Press., 
psi 

Minimum. 0.889 27.85 133 0 
Average 0.947 31.91 159 2131 
Maximum 0.997 35.96 241 9600 

 
  
Table 4. Error analysis for classical and neutral regression techniques (testing samples) 
 

 CRT Ward LM GRNN BP 
 

Er % 12.51 12.38 19.12 6.53 5.90 
Ea % 22.91 23.81 23.87 18.45 18.67 
Sd % 28.53 32.84 33.09 23.82 23.45 
R   % 96.40 97.06 97.24 97.02 96.26 
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Figure 3 - Relative error Distribution for various viscosity models (training samples)
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    Figure 4- Relative error distribution for various viscosity models
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Figure 5- Comparison between measured and predicted viscsoity for testing samples
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Figure 6- Measured and predicted viscosity for various models (test sample #8)
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